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Multi-turn charge-exchange injection is the primary method of creating high-intensity hadron
beams in circular accelerators, and phase space painting during injection enables tailoring of the
accumulated phase-space distribution. A technique we call eigenpainting allows injection of particles
into a single mode of a coupled ring, providing full four-dimensional control of the phase space

distribution.

Under ideal conditions, uniform eigenpainting generates a linear-force equilibrium

distribution in the transverse plane, with zero volume in the four-dimensional transverse phase
space. We have implemented eigenpainting for the first time, demonstrating multi-turn injection
of an 8.8-uC, 800-MeV beam in the Spallation Neutron Source (SNS) Accumulator Ring (AR). We
measure a final ratio of invariant transverse emittances of 2.4.

Introduction—1In high-intensity, low-energy hadron ac-
celerators, space charge forces are a major driver of halo
formation and beam loss [1]. Losses can be driven by a
variety of mechanisms, such as periodic crossing of res-
onance stop-bands [2], particle-core interactions [3, 4],
and coherent instabilities [5, 6]. Several techniques have
recently been proposed to mitigate space charge effects,
including circular mode optics [7], pulsed electron lenses
[8] and nonlinear integrable optics [9]. Here, we focus
on controlling space charge effects by shaping the beam
distribution as it is formed over hundreds or thousands
of turns via charge-exchange injection in an accumulator
ring. In facilities such as the Spallation Neutron Source
(SNS) [10] and the Japan Proton Accelerator Research
Complex (J-PARC) [11], time-dependent dipole (kicker)
magnets modify the location and angle of the closed orbit
during injection, updating the phase space coordinates of
the injected beam centroid as a function of time. This
process is known as phase space painting. While paint-
ing has been shown to improve beam quality and reduce
beam losses [10, 12, 13], detailed control of the phase
space distribution in the presence of strong space charge
forces remains challenging.

In this work, we explore a novel painting method which
we refer to as eigenpainting, first proposed by Danilov et
al. [14]. The method injects particles into a single mode
of a coupled focusing lattice, forming a stationary distri-
bution of zero volume in the four-dimensional (4D) trans-
verse phase space, yet a finite area when projected onto
the transverse plane. In one variant of eigenpainting,
which we call uniform eigenpainting, the painted distri-
bution generates linear space charge forces and is an equi-
librium solution to the Vlasov-Poisson equations [15, 16].
Both properties—zero four-dimensional emittance, linear
space charge forces—have the potential to mitigate space
charge effects in hadron accelerators [7, 17, 18]. More
generally, eigenpainting offers a new method to control
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the full 4D phase space distribution of intense hadron
beams.

Danilov [14] first suggested the possibility of uniform
eigenpainting in the Spallation Neutron Source (SNS) ac-
cumulator ring. Holmes et al. [19] performed detailed
particle-in-cell (PIC) simulations to study the feasibil-
ity of the method in the presence of realistic physics ef-
fects and machine imperfections, which violate the as-
sumptions used to derive the painting method. They
found that, with several modifications to the SNS ring,
the desired beam properties approximately maintained
throughout accumulation: the beam developed a nonzero
but small four-dimensional emittance and preserved a
fairly uniform density. Motivated by these results, we
report in this Letter the first experimental test of the
eigenpainting method in the SNS accumulator ring.

Method—Eigenpainting is built on the eigenvector
analysis of linear coupled optics [20]. Consider a lin-
ear, periodic focusing lattice with one-turn symplectic
transfer matrix M. We study the eigenvectors that solve
Mv = e~ v. The four solutions are labeled vy, v,
va, V5, where * indicates complex conjugation; we con-
sider only v; and vo. When the eigenvalues are dis-
tinct, the eigenvectors define two independent modes of
oscillation. We may write the phase space coordinates
x = (z,2',y,y’), where x and y are positions and 2’ and
1y’ are momenta, as a linear combination of the modes:

X = %{Z \/ﬁei‘l”“vk}, (1)
k

where R selects the non-imaginary component, ¥y is an
initial phase, and Jy is a single-particle invariant, re-
ducing to the Courant-Snyder (CS) invariant [21] in the
absence of coupling. The transfer matrix advances the
phases by angle uy:

Mx = % {Z /2Jkei(\11k+#k)vk} . (2)
k

A symplectic matrix V constructed from the eigenvec-
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FIG. 1. Representation of the painting trajectories in the plane of mode actions, Ji,2 corresponding to correlated (CP), anti-
correlated (AP) and eigenpainting (EP) schemes (left) and time evolution of the z-y distribution of beam produced by each
scheme (right). Red points indicate the centroid position of injected beamlets; arrows indicate centroid angle if non-zero.

tors,

Vo= [Ri{vi}, =S{vi}, R{va}, =S{va}l, 3)

where & selects the imaginary component, converts the

transfer matrix to the form:
VMV =P, (4)

where P is a block-diagonal matrix of 2 x 2 rotation ma-
trices R(uy) for phase advance angles pu:

p_ {R((,;ﬂ) R(?m)} . (5)

In the normalized coordinates u = (uj,u},ug,uh) =
(u1,uz) defined by x = Vu, the motion is uncoupled and
the turn-by-turn trajectory traces a circle of area 27Jj
in each plane, ug. In the unnormalized coordinates, the
real component of each eigenvector traces an ellipse in
each two-dimensional subspace. We therefore call the
modes elliptical, or, in special cases, circular [17]. Un-
coupled lattices generate planar modes corresponding to
independent x and y motion.

Eigenpainting follows straightforwardly from this
framework. Let us first define the painting trajectory as
the time-dependent path of the injected beam centroid
X.(t) during accumulation.” We may write the trajec-
tory in terms of the eigenvectors:

x(t) = R {Z ﬂh(t)vwiw)} .
k

2 In practice, the injection point is typically fixed and the closed
orbit that defines the origin of the phase space of the ring is
varied.

where J(t) and Wy(¢) are chosen time-dependent ampli-
tudes and phases and ¢ is scaled to the range 0 < ¢ < 1.
Let us select constant phases Wy (t) = Wy, so that the
trajectory corresponds to a line in J;-Jo space. We de-
fine eigenpainting by the choice J2(t) =0 (or Jy1(t) = 0),
which injects particles into a single mode:

x.(t) = %{ 2Jk(t)vke—““k} (7)

for chosen mode number k. Continuous injection at fixed
amplitude generates an ellipse in the z-y plane, with
particle velocities tangent to the ellipse. Variation of
the injection amplitude creates an elliptically symmetric
distribution with a vortex velocity field. The distribu-
tion occupies zero volume in the four-dimensional phase
space, with potential applications to luminosity boosting
via round-to-flat transformations in high-energy colliders
[7], to beam cooling [17], and to suppression of particle-
core resonances [18].

The choice Ji(t) = Jy,t, where Jj, is a maximum ampli-
tude, leads to a uniform particle density in the z-y plane
with an elliptical boundary at all times during injection;
see Fig. 1. We call this scheme uniform eigenpainting.
Remarkably, uniform eigenpainting can be adapted to
generate a periodic Vlasov equilibrium distribution [14-
16, 22, 23] in the presence of space charge forces. The
painting scheme in Eq. (7) generates the following distri-
bution function f in phase space:

f(Jl, JQ) X @(jl — Jl)(S(JQ), (8)
where © is the Heaviside step function, 0 is the Dirac

delta function, and we take mode 1 to be the mode with
non-zero amplitude. The distribution is the limit of the



generalized Kapchinskij-Vladimirskij (KV) distribution

[15],
f(Jl,JQ)O((S(Jl/j1+<]2/j2*1), (9)

as j2 — 0.

It is important to note that the linear defocusing force
from the beam effectively modifies the one-turn transfer
matrix M — M, where M accounts for both applied and
self-generated linear forces. If the beam envelope is pe-
riodic, we may compute new eigenvectors v, — v from
M. Thus, to generate an equilibrium distribution with
linear space charge forces, we must paint along the mod-
ified eigenvectors vy, which can be computed by numer-
ically solving a system of ordinary differential equations
describing the beam envelope dynamics [24, 25].

The small tune spread in the KV distribution effec-
tively narrows the width of resonance stopbands in the
lattice, presumably unlocking larger regions of tune space
and higher intensities. The reduced tune spread in this
simplified incoherent picture [3, 20] is balanced by the
coherent instability of the KV distribution for certain
combinations of beam perveance and applied focusing
strength [22, 27]. Nonetheless, the dynamics of such
distributions in strongly coupled focusing systems dur-
ing accumulation, in different space charge regimes, has
not been studied in detail and deserves careful treat-
ment. If coherent stability prevents practical use of eigen-
painting for certain operating parameters, experimental
tests remain interesting to test theoretical predictions
and benchmark simulations in unique scenarios.

Experimental Demonstration—We performed an ex-
periment to demonstrate uniform eigenpainting in the
Spallation Neutron Source (SNS) at Oak Ridge National
Laboratory. The SNS consists of a 1.3 GeV supercon-
ducting H™ linac, a 248 m long Accumulator Ring, and
a transport line to the liquid mercury target. The ring is
composed of four achromatic arcs, and four dispersion-
free straight sections dedicated to injection, extraction,
bunching RF, and collimation [10]. Two solenoid mag-
nets were added to a drift in the extraction straight to fa-
cilitate non-planar modes for this research program [28].
The injection region contains eight time-varying dipoles
to create independent horizontal and vertical four-bumps
for control of the position and angle of the closed orbit
at the injection location throughout the 1 ms injection
cycle. To increase the phase space coverage of the in-
jection system, these experiments were conducted at a
kinetic energy of 800 MeV. The Ring-Target Beam Trans-
port (RTBT) line is equipped with wirescanners and suf-
ficiently flexible optics to reconstruct the 4D distribution
of the bunch extracted from the ring which allows mea-
surement of the beam envelope, 4D emittance and beam
uniformity.

The functional form of the painting trajectory is de-
termined by Eq. (7). We must find amplitude settings
for the eight injection kickers that correspond to the ini-
tial and final points on the trajectory: x.(0) = 0 and

x.(T) = 8?{ 2J vie ¥
each mode, we use the turn-by-turn centroid motion of
a single beam pulse injected into the ring. Assuming a
Gaussian energy spread in the presence of chromaticity,
the phase space coordinates of the bunch centroid evolve
according to [29]:

To tune the amplitude of

x7 (n) = Z Akeﬂknzft‘(%nuwm)vi(n)+cj’ (10)
k=1,2

where n is the turn number, & is the mode number, j is
the BPM number, c is the closed orbit offset, vy is the
tune, and 7 is a damping coefficient. Each BPM mea-
sures the 2 and y components of Eq. (10). The tune vy,
and damping coefficient 7y of each mode are the same at
every BPM and depend only on the ring optics. Global
parameters are estimated with Pelaia’s geometrical esti-
mation method [29], simultaneously fitting data from all
BPMs. The initial amplitude A, = +/2J, phase ¥y, and
closed orbit offset ¢ are distinct for each BPM. These
values are fit using BPM data for each set of kicker am-
plitudes using Eq. (10) with the previously determined
values of vy, Vi, V1.

In the uncoupled lattice, the tunes were initially set
to vy, = vy, = 0.177. A model of the machine using
the PTC [30] module in MAD-X [31, 32] was calibrated
to reproduce the observed tunes by varying quadrupole
strengths. After turning on the solenoid magnets, we
measured tunes v; = 0.196 and 5 = 0.158. The model
solenoid strength was then varied to reproduce the ob-
served tunes. The complex eigenvectors vj were then
extracted from the model.

Figure 2a shows vertical and horizontal turn-by-turn
data for one ~ 10 nC pulse of beam at one BPM used for
tune calibration. Coupling is evident in the modulation
of the envelope due to beating between vy and v present
in both planes. The kicker strengths were then tuned
using the online OpenXAL [33] model to produce the
injection coordinates specified by the eigenvector v ¢, at
the foil with an amplitude as large as the kickers would
allow. We chose the mode with = o< +y’ for injection,
and a phase that minimizes the z’ to minimize losses
caused by the geometry of apertures near the injection
region [34].

Figure 2b shows the turn-by-turn BPM data for the
optimized single-mode injection at the end point of the
painting process. Despite the coupled lattice, as eo
decreases the modulation of the envelope is reduced.
The ratio of the amplitudes for this centroid analysis,
(e1/£2)? ~ 80, represents a maximum possible emittance
ratio limited only by injection errors. We discuss addi-
tional sources of emittance ratio dilution later. The opti-
mized injection in Fig. 2¢ corresponds to the coordinates
x(Ty) = (10.3 mm, 0.03 mrad, 2.0 mm, 0.91 mrad).

We used a similar procedure to inject onto the closed
orbit at ¢ = 0. The deep modulation shown Fig. 2c
is due to roughly equal ampltidues in mode 1 and 2.
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FIG. 2. Turn-by-turn data (black points) for three sets of injection coordiates from the BPM in the injection straight quad
doublet downstream of the foil (BPM A13), showing the fit trajectory in gray and contributions from mode 1 (blue), mode 2

(red). Offsets have been removed.

We reduced A% by a factor of ~ 10, giving x(0)
(4.52 mm, —0.13 mrad, 2.37 mm, 0.014 mrad), which is
non-ideal as it several beam widths from the closed or-
bit. During the experiment coordinates were optimized
with the solenoid off due to limitations in the online
model. The solenoid introduced a small deviation in the
closed orbit at the foil leading to the observed amplitude.
This violates one of the assumptions required to inject a
Danilov distribution. However, we compared simulations
of the case with no offset, and the observed value and
saw virtually no difference in the final distribution, which
was dominated by space charge effects. In the absence of
space charge, the painting path executed leads to a hol-
low beam filling primarily mode 1. More robust online
analysis would help reduce this error.

With the kicker settings defined at the two end points,
kicker waveforms were calculated according to Eq. (7)
and used to inject 8.8 puC of beam over 600 turns. We
used the MENT algorithm [35] to reconstruct the ac-
cumulated 4D phase space distribution from 1D profile
measurements of the extracted beam. We find that the
selected 1D views place fairly tight constraints on the 4D
distribution. A description of the measurement proce-
dure and uncertainty quantification is found in [36].

Fig. 3 shows 2D projections of the reconstructed dis-
tribution in normalized coordinates. Ideally, the Mode
1 projection would be an approximately uniform distri-
bution within a circular boundary, while the Mode 2
projection would be a much smaller Gaussian distribu-
tion, representing the finite size of the injected minipulse.
The root-mean-square (rms) area of each projection is
equal to the intrinsic emittances, which we calculate to
be g1 = 12.4 and €3 = 5.1 pum, giving a ratio £1/e9 = 2.4.

Particle-in-cell (PIC) simulations of the experiment us-
ing PyORBIT [37] are shown in Fig. 3. The simulation
predicted rms emittances €; = 10.3 and €5 = 4.5 pm,
giving the ratio e1/e2 = 2.3, in line with the mea-
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FIG. 3. 2D projections of the reconstructed (top) and simu-
lated (bottom) phase space distributions in normalized coor-
dinates. Solid black lines in the marginal projections repre-
sent a fit to a uniform-Gaussian convolution as described in
the text. Dashed lines represent a pure Gaussian distribution.

sured values. The simulated density projections are in
rough agreement with the reconstructed projections: the
first projection has asymmetric features and a more uni-
form density than the second projection, which is nearly
Gaussian. The simulated distribution is independently
normalized at the injection point, not the measurement
point, which could account for some of the phase differ-
ence in asymmetric features.

To provide a more quantitative analysis of the mea-
sured distribution, we fit each projection to a simple



model density based on the expected features. The Mode
2 projection is well-described by a 2D Gaussian distribu-
tion with standard deviation oo = 2.29. We model the
Mode 1 projection as the convolution of a Heaviside step
function of radius R, representing the uniformly filled
mode, with a Gaussian distribution of rms width o1, rep-
resenting the finite size of the injected beam pulses. The
fit gives 01 = 1.79 and R = 6.03. Assuming an injected
pulse emittance of €/ = 0.25 um in both planes, we
estimate a factor of ~ 2 increase in the emittance dur-
ing accumulation due to mismatch. While mismatch of
the injected pulse accounts for some emittance growth, it
cannot account for the much larger emittance growth ob-
served in the experiment, which we attribute to nonlinear
space charge forces.

A beam with the measured intrinsic emittances and
rms-matched to the bare lattice optics would generate
rms tune shifts of Ay o = —0.28,-0.29 in the Gaus-
sian limit and Avy 2 = —0.14, —0.15 in the uniform (KV)
limit. Despite the difference in emittances, the tune shift
is nearly the same for the two modes, as expected for non-
planar modes [38]. The simulated tune shifts at the end of
injection are approximately Av; o = —(0.16,0.15). Note
that these tunes are calculated after significant evolution
of the beam density during accumulation. With the in-
jection amplitude used in this experiment, space charge
pushes the tunes across the integer resonance early in
the accumulation cycle, leading to a potentially complex
dynamics and strong nonlinear emittance growth, modu-
lated by the painting process. Changing the bare lattice
tunes may be necessary to address this issue in future
experiments.

Non-uniform charge density violates the linear space
charge assumption used to justify self-consistent injec-
tion. Some non-uniformity is due to the finite extent
of the linac beam in the x — y plane. Beam in mode
2 also affects charge uniformity as the beam propagates
around the ring. The finite extent of the linac beam in
4D space along with mismatch to the ring optics can both
contribute motion in mode 2. Injection offsets will also
contribute. Turn-by-turn data above characterizes the
mode 2 motion from injection offset in the bare lattice,
which is relatively small compared to the final emittance
ratio. However, space charge modifies the eigenvectors
which will lead to additional injection offset. We do not
attempt to disentangle the contribution of offset, mis-
match, and finite beam size with respect to space charge.
Eliminating space charge but maintaining realistic linac
beam, foil scattering, and non-linear fringe fields in sim-

ulation gives an emittance ratio of &~ 16. This implies an
emittance growth factor of ~ 6.6 due to space charge.

Conclusion—We have demonstrated a novel technique,
which we refer to as eigenpainting, to inject particles into
a non-planar mode of a linearly coupled accelerator lat-
tice, achieving a ratio of £1/e5 = 2.4. By injecting with
an amplitude proportional to the square root of time, we
attempted to uniformly fill the mode. Strictly, we vio-
lated several assumptions that would enable injection of
a linear-force equilibrium distribution in the ring. We
injected a finite sized beam near, but not on, the closed
orbit, and we did not account for modified eigenvectors
due to space charge throughout injection.

We note PIC simulations reproduce the measured
emittance ratio to within ~ 5%, as well as key features
of the beam distribution in 4D phase space. These sim-
ulations also indicate that strong nonlinear space charge
forces are responsible for the large 4D emittance growth
observed in the experiment. To improve the painted
beam quality, future work must account for the effect
of space charge throughout the painting process, likely
through empirical maximization of the emittance ratio.
Future experiments should conservatively target a ratio
e1/e2 Z 10, to see a practical reduction in tune spread
compared to a planar beam with similar 4D volume,
which has a threshold at e;/e2 = 4 for perfectly round
beams, assuming €1 = 2¢, [7].

With a sufficiently flexible injection system and modest
changes to standard ring lattices, eigenpainting may pro-
vide a new technique to mitigate space charge and pro-
duce high-brightness hadron beams. Additionally, the
special case of uniform eigenpainting could enable ex-
perimental benchmarking of theoretical models of space
charge effects over a range of beam intensities.
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