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Abstract
This work proposes the use of generative models and

differentiable simulations to search for smooth equilibrium
phase space distributions in arbitrary external fields. The
model parameters are optimized using a two-term loss func-
tion: one term suppresses density fluctuations, while a sec-
ond term pulls the solution toward some target value, for
example, to encourage smoothness. As an initial demon-
stration of this approach, we search for a four-dimensional
equilibrium distribution in a linear continuous-focusing lat-
tice.

INTRODUCTION
This work proposes a method to search for equilibrium

phase space distributions in periodic focusing channels.
Equilibrium distributions are solutions to the Vlasov-Poisson
(V-P) system:
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Here 𝑓 is the distribution function, 𝐻 is the Hamiltonian,
𝑈 is an external potential, 𝜙 is the self-generated electric
potential, x is the position, x′ is the momentum, 𝑠 is the
position on the reference trajectory, 𝑞 is the particle charge,
𝜖0 is the electric constant, 𝑚 is the particle mass, 𝑐 is the
speed of light, 𝛽 is the synchronous particle velocity, and 𝛾

is the Lorentz factor.
Equilibrium distributions are functions of invariants. In

continuous-focusing channels where 𝑈 (x, x′, 𝑠) = 𝑈 (x, x′),
the Hamiltonian is an invariant and there are an infinite num-
ber of solutions of the form 𝑓 = 𝑓 (𝐻). In 𝑠-dependent
focusing channels, the Hamiltonian is not an invariant and
solutions are more difficult to find. The Kurth distribution
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[1] is a solution for the special case of spherically or axi-
ally symmetric linear fields. The only known solution in
arbitrary linear fields is the Kapchinskij-Vladirskij (K-V)
distribution [2], which is a function of the Courant-Snyder
invariant. The K-V distribution is unstable over a range of
beam and lattice parameters [3] and is generally assumed to
be far from real distributions in accelerators. Furthermore,
the K-V solution is only valid in two-dimensional focusing
fields; it is unknown if there are solutions for (𝑠-dependent)
three-dimensional or nonlinear fields.

Lund [4] considered this problem for linear FODO chan-
nels with equal phase advances in the two planes of motion.
The FODO lattice was mapped to a continuous-focusing
(CF) lattice with the same average phase advance. Equilib-
rium distributions were generated in the CF lattice and then
linearly transformed to match the periodic K-V envelope
in the FODO lattice. This process generated surprisingly
well-matched beam distributions. However, it is unclear
how to adapt this method to (i) linearly coupled lattices,
(ii) nonlinear lattices, or (iii) six-dimensional phase space
distributions.

This work introduces a brute-force optimization to drive
the distribution toward equilibrium in arbitrary external
fields. The idea is to represent the distribution as a gen-
erative model—a neural network (NN) that transforms a
simple base distribution to a more complicated distribution
[5]—and to optimize the model parameters using gradient-
based methods, enabled by differentiable particle-in-cell
(PIC) simulations. The rest of this paper will discuss imple-
mentations of this approach and demonstrate convergence
for a linear two-dimensional continuous-focusing lattice.

PROBLEM SETUP
Consider a periodic lattice of length 𝐿, such that𝑈 (z, 𝑠) =

𝑈 (z, 𝑠+𝐿), and write the distribution function after 𝑛 periods
as 𝑓𝑛 (z), where z = (x, x′) is the phase space vector. Let
M 𝑓 propagate the distribution function through one period:
𝑓𝑛+1 = M 𝑓𝑛. We seek a periodic distribution function 𝑓0 =

𝑓1 = M 𝑓0.
We also need to constrain the distribution emittance, since

it is always possible to find a solution by scaling the emit-
tance until space charge is negligible. The emittance is
defined as 𝜀 = | det𝚺|1/2, where 𝚺 = ⟨zz𝑇 ⟩ is the covari-
ance matrix. The algorithm should enforce 𝜀 = 𝜀 for target
emittance 𝜀.

We may also wish to pull the distribution toward some
target 𝑓 , either to stabilize training or to select one of mul-
tiple solutions; for example, to pull the solution away from
the K-V equilibrium in a FODO channel. If there is only one



Figure 1: Example of an invertible generative model.

solution, the regularization will have no effect. (Note that
there may not be any exact solutions.)

To satisfy these three objectives, we propose the follow-
ing loss function to be minimized with respect to 𝑓 , given
the forward operator M, target distribution 𝑓 , and target
emittance 𝜖 :

𝐿 [ 𝑓 ;M, 𝑓 , 𝜖] = 𝛼1𝐷1 [ 𝑓 ,M 𝑓 ] + 𝛼2𝐷2 [ 𝑓 , 𝑓 ] + |𝜀 − 𝜀 |.
(4)

Here 𝐷1 and 𝐷2 are unspecified statistical distances or diver-
gences. 𝐷1 compares the initial distribution to the evolved
distribution, while 𝐷2 compares the initial distribution to the
target distribution 𝑓 . The constants 𝛼1,2 control the relative
strengths of the three terms during optimization.

GENERATIVE MODEL
We represent the distribution using a generative model.

The generative model is a function T : R𝐷 → R𝐷 combined
with a base distribution 𝑓 , which we take to be the unit
Gaussian. The base distribution is defined in normalized
coordinates ẑ which are connected to the phase space coordi-
nates as z = 𝑇 (ẑ). Samples from the model distribution 𝑓 (z)
are obtained by pushing samples from the base distribution
through the map 𝑇 . (See Fig. 1.)

In addition to sampling particles, some generative models
provide access to the underlying distribution function. Given
a point ẑ sampled from 𝑓 (ẑ) in the normalized space, the
density at the corresponding point in phase space is:

𝑓 (z) = 𝑓 (ẑ)/| det 𝐽𝑇 (ẑ) |, (5)

where 𝐽𝑇 (ẑ) is the Jacobian matrix of the transformation 𝑇

at ẑ. Thus, if we can calculate the Jacobian of 𝑇 , we can eval-
uate the density at each sampled particle. Suppose instead
that we want to evaluate the density 𝑓 (z) at an arbitrary z.
The density is given by

𝑓 (z) = 𝑓 (ẑ) | det 𝐽𝑇−1 (z) |, (6)

where 𝐽𝑇−1 is the Jacobian matrix of the inverse transfor-
mation. Thus, we can only evaluate the density at arbitrary
points if 𝑇 is invertible.

We will implement 𝑇 as a neural network (NN) with pa-
rameters 𝜃. A standard NN architecture can be used if the

density is not required. In low dimensions (2D, 4D, 6D), the
Jacobian of the NN transformation can be computed directly
using automatic differentiation (AD) to give the density at
each randomly sampled point. In high dimensions, specially
designed transformations and NN architectures must be used
to simplify the calculation of the Jacobian. Calculating the
density at arbitrary points is only possible with invertible
NN architectures [6].

OPTIMIZATION
Return to the loss function in Eq. (4). The third term (the

difference between the model and target emittance) can be
estimated from a set of particles sampled from the model.
The estimate is differentiable with respect to 𝜃.

The second term 𝐷2 [ 𝑓 , 𝑓 ] compares the model to the
target distribution 𝑓 . One option is the Kullback–Leibler
(K-L) divergence:

𝐷2 [ 𝑓 (z), 𝑓 (z)] =
∫

𝑓 (z) log[ 𝑓 (z)/ 𝑓 (z)]𝑑z. (7)

The KL divergence can be estimated from 𝑁 samples {z𝑖} ∼
𝑓 (z):

𝐷2 [ 𝑓 (z), 𝑓 (z)] ≈
1
𝑁

𝑁∑︁
𝑖=1

[
log 𝑓 (z𝑖) − log 𝑓 (z𝑖)

]
. (8)

The estimate in Eq. (8) requires the density 𝑓 (z𝑖) at each
sampled point, so the generative model does not need to be
invertible. The estimate is differentiable with respect to 𝜃.

The first term 𝐷1 [ 𝑓 ,M 𝑓 ] compares the initial distribu-
tion to the evolved distribution. Label the initial distribution
as 𝑓0 and the evolved distribution as 𝑓1 = M 𝑓0. We have
access to samples {z𝑖} ∼ 𝑓0, as well as the density at each
sample. We might consider the KL divergence:

𝐷1 [ 𝑓0 (z), 𝑓1 (z)] =
∫

𝑓0 (z) log[ 𝑓0 (z)/ 𝑓1 (z)]𝑑z. (9)

However, we do not know the evolved distribution function
at each sampled initial point in phase space. What about the
reverse KL divergence?

𝐷1 [ 𝑓0 (z), 𝑓1 (z)] =
∫

𝑓1 (z) log[ 𝑓1 (z)/ 𝑓0 (z)]𝑑z (10)

=

∫
𝑓1 (z) log 𝑓1 (z)𝑑z − 𝑓1 (z) log 𝑓0 (z)𝑑z.

(11)

The first term in Eq. (10) is the entropy of the evolved distri-
bution. The V-P system conserves entropy [7], so∫

𝑓1 (z) log 𝑓1 (z)𝑑z =

∫
𝑓0 (z) log 𝑓0 (z)𝑑z. (12)

The entropy of the initial distribution can be estimated from
the sampled particles [8]. The second term in Eq. (10) is the
cross entropy; it can be evaluated from the evolved particles
(samples from 𝑓1): at each particle, we evaluate the model



distribution function using Eq. (6). This is possible if the
generative model is invertible. The estimate in Eq. (10) is
differentiable with respect to 𝜃.

A different approach is needed for non-invertible gener-
ative models. We propose a loss function that compares
low-dimensional projections of the two distributions. If
the projections are 1D, we compute the average difference
between projections along random directions in the high-
dimensional phase space. In this work we use pairwise 2D
projections: Define the 2D projection operator P𝑖 𝑗 :

P𝑖 𝑗 𝑓 (𝑧1, . . . , 𝑧𝐷) = 𝑓 (𝑧𝑖 , 𝑧 𝑗 )

=

∫
𝑓 (𝑧1, . . . , 𝑧𝐷)

∏
𝑘≠𝑖, 𝑗

𝑑𝑧𝑘 .
(13)

The loss function then measures the average change in 2D
projections over all 𝐷 (𝐷 − 1)/2 axes:

𝐷1 [ 𝑓 ,M 𝑓 ] = ⟨P𝑖 𝑗 𝑓 − P𝑖 𝑗M 𝑓 ⟩ (14)

The expression in Eq. (14) is differentiable with respect
to 𝜃 if the projections are calculated using kernel density
estimation [5].

DEMONSTRATION IN
CONTINUOUS-FOCUSING CHANNEL
As an initial demonstration, we applied the method to

a two-dimensional linear continuous-focusing (CF) lattice.
Particle tracking was performed in Cheetah [9], a beam dy-
namics code written in PyTorch. Space charge calculations
used a standard integrated Green’s function method to solve
the Poisson equation on a 128 × 128 grid using 128,000
macro-particles [10].

We used a non-invertible generative model and the ADAM
optimizer to minimize the loss function in Eq. (4), with regu-
larization constants set to𝛼1 = 1 and𝛼2 = 0. Periodicity was
enforced in the first term by the projection loss in Eq. (14).
The second term was ignored because it had little effect on
the solution. For the third term, rather than the 4D emittance
𝜖 , we constrained the 2D intrinsic emittances (also called
eigenemittances) 𝜀1 and 𝜀2. The target emittances were set
to 𝜀1 = 𝜀2 = 0.25 [mm mrad] to eliminate linear cross-plane
correlations in the beam.

We calculated the matched K-V envelope parameters for
the specified beam intensity and energy (0.23 fractional tune
depression). The model was first trained using reverse KL di-
vergence to approach a Gaussian distribution with the same
envelope parameters. Training then proceeded for 300 it-
erations to minimize the loss in Eq. (4). Fig. 2 plots the
nonzero terms in the loss function during training, showing
that a periodic solution is approached within the emittance
constraints. Fig. 3 plots the period-by-period density fluctu-
ations on the 𝑥-𝑥′ axis before and after training (logarithmic
scale).

CONCLUSION
We have introduced a method to drive simulated phase

space distributions toward periodic equilibrium. The method

Figure 2: Loss function during model training. The blue
curve shows the average mismatch of two-dimensional pro-
jections. The orange curve shows the average distance from
target emittances.

Figure 3: Projected phase space density fluctuations before
and after training. A logarithmic density scale is used, cut
off at 10−3 below peak density. The initial distribution in the
top row is a Gaussian with covariance given by the matched
K-V envelope.

uses a generative model to represent the distribution and a
differentiable PIC simulation to optimize the model parame-
ters. Loss functions have been identified to enforce period-
icity in high-dimensional phase space and pull the solution
toward a target value. We demonstrated convergence on a
two-dimensional linear continuous-focusing lattice at high
space charge intensity.

Future work will continue examining CF lattices, includ-
ing nonlinearities [11] and three-dimensional focusing, to
benchmark against known solutions. Studies will then con-
sider 𝑠-dependent lattices. Computer memory and gradient
explosion are a concern for long accelerator lattices and
strong space charge. If implementation issues are solved,
generative models could provide new tools to study intensity
limits in periodic accelerator lattices.
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